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ABSTRACT: Supersonic jets emit noise to the outside in form of Mach waves which are long, straight and have
about equal angles. Experiments done by Oertel sen. visualized clearly these Mach waves and he publicized moreover that
such Mach waves exist also inside the jet. Experimental and theoretical studies in the past did not allow a complete
understanding of the phenomenon up to now, wherefore the need for further research is obvious. In this study the
observations of Oertel sen. are described and an assumption is given for illuminating theoretically the experimental
outcomes. The Mach waves inside and outside are visualized by single frames, by immobilization images and by streak
records. Differential interferometry (DI) is used for visualizing density differences by light intensity variations. Measuring
the Mach wave angles from many shock tube experiments revealed the existence of three wave families. They move with
different speeds, denoted as w, w’ and w’’, which depend only on the jet Mach number M; and the ratio a.,/a; of the sound
speed a, outside and a; inside the jet. A theory is proposed which explains the three speeds found. Its central point is the
production of Mach waves by pairs of vortices moving inside of the jet mixing layer. Each pair is built by a front and a rear
vortex. The front vortices create the w’-Mach waves outside the jet and the rear vortices are accompanied by the w’’-Mach
waves inside. The w-Mach waves go together with the notch in-between both and are finally also formed when a front
vortex combines with an overtaking preceding rear vortex, both creating only one big vortex which moves with w. The
processes mentioned are mainly suggested by the immobilizations and by the streak records taken. For both the flow is
observed through a slit on a rotating drum camera. Immobilizations use a wide opened slit and the camera turns with the
speed of the Mach waves to be observed. Streak records show clearly with a narrow adjusted slit the Mach wave traces. The
explanations given are only valid for the beginning of a supersonic jet up to about ten jet diameters downstream.

Nomenclature

flow velocity

u = general, u* = special, u; = inside the jet

propagation velocity

w = centre of vortex pair, w’ = front vortex, w” = rear vortex

speed of sound

a = general, a* = special, a = jet gas inside, a, = gas outside

Mach numbers

M; = jet Mach number, M;=uj/a; = inside the jet with M; = M

w/a, = of the w-Mach wave outside, w’/a, = of the w’-Mach wave outside
(ui-w)/a; = of the w-Mach wave inside, (u-w”)/a; = of the w”-Mach wave inside
Mach angles

o = w-Mach wave inside and outside, o’ = w’-Mach wave outside, a.” = w”-Mach wave inside
other parameter

e = optical beam separation inside the differential interferometer
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1 Introduction

A supersonic jet is known as a source of remarkable noise which can become intolerable in the environs of jet engines,
cutting torches and other supersonic jet producing devices. The most dangerous part of the noise is emitted in form of Mach
waves which provoke short-time pressure variations comparable to shock waves. It is clear that a certain “important order”
must exist inside of the jet mixing layer, separating the moving jet gas from the outside gas at rest, which initiate the Mach
waves to be formed. They appear inside as well as outside of the jet and are quite regular. The practically ideally expanded
supersonic free jet in Fig. 1 shows obviously the outside Mach waves by light and dark backwards inclined traces as
visualized by Oertel [1, 2] using a differential interferometer (DI).

Fig. 1 Mach waves outside of a supersonic Mach number M; = 2.65 free jet with a,/a; = 0.90

The origin of the Mach waves was attributed to a multitude of different phenomena, as extensively described in the related
literature by many authors, see [3-18]. They have been assumed to originate from turbulence as well as from coherent
structures of different strong nature. As well some articles suppose that these structures are coupled with eddies which move
supersonically downstream inside of the mixing layer. But these studies did not definitely answer the question for the Mach
wave initiating mechanism. With studies performed at ISL the kinetics of the Mach wave production was investigated
extensively by Oertel sen. [1, 2, 19-25] using a large variety of interferometric visualization techniques based on differential
interferometry [25] for visualizing density differences by light intensity variations. The Mach waves inside and outside were
observed by single frames (see Fig. 1), by immobilization images (Fig. 2) and by streak records (Fig. 3).

<= w'-Mach waves outside

<= w'-Mach waves outside

<= w-Mach waves inside and outside

<= w"-Mach waves inside

Fig. 2 Immobilizations (vertical y-slit wide open): M; = 1,50

2 Shock tube operation for jet formation

The experiments were performed with the ISL high energy shock tube STA using different optical methods for jet formation
[26]. Fig. 4 represents two of them. Most shock tube measurements have been obtained with the method of shock reflection
using well contoured nozzles, see Fig. 4 left. In that case the incident shock wave is reflected at the nozzle throat forming
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the stagnation conditions (R) for the nozzle expansion. Some experiments with the non reflected method using the incident
shock initiated flow (2) allowed varying the thickness of the exit boundary layer by the length of the tube, see Fig. 4 right.

Fig. 3 Streak records at supersonic Mach numbers
left two stapled images with vertical y-slit: M; = 2.02 and aJ/a; = 0.97,
right image with horizontal x-slit: M; = 2.20 and a,/a; = 0.93

The jets were blown out into a large test vessel with optical access mounted at the end of the shock tube such that both, the
pressure and the temperature of the ambient gas, could be controlled. Special care was given to the equality of exit and
ambient pressures (= 100 kPa). The shock tube experiments are performed at jet Mach numbers M; = 1.5 up to 4, most of
them at M; ~ 2. Cylindrical as well as slit jets have been studied. The cylindrical ones were produced by nozzles with exit
diameters between 1.9 mm and 20 mm. The dimensions of the slit exit were 5 mm x 20 mm.

o R 1

R = (R) == (%) (2) —=
R~ |

Fig. 4 Jet productions: reflected mode left, non reflected mode right

2 Optical measuring techniques applied

For visualizing the Mach waves outside of the jet, called w’-Mach waves, the single frame recording technique is used
successfully, as obviously seen in Fig. 1 by the Mach wave traces originating from the jet’s mixing layer. The Mach waves
inside, the w’’-Mach waves, can best be detected by immobilization records on moving film inside a drum camera [25] as
shown in Fig. 2 for looking with the DI through the hiding turbulence and the Mach waves outside. Naturally the
immobilization method was also fruitful applied to visualize the w’-Mach waves outside. In addition to the w’- and the w’’-
Mach waves there exist a third family which is called w-Mach waves, as well seen profitably by immobilizations. Such
records have been used [1, 2, 19 - 24] to make the jet noise emitted able to be seen for determining the three Mach wave
speeds, the w-, w’- and w’’, by measuring their angles o, o’ and o’’ against the jet axis.

The optical set-up of the DI is shown in Fig. 5. The light bundle coming from the light source S is, after being linearly
polarized by polarizer P1 by 45 degrees to the optical axes of the Wollaston prism W1, separated by W1 into two beam
parts crossing parallel the measuring section with a beam separation of about e = 0.1 mm. On the illumination side the
lenses OS and O1 make the light beam parallel. On the observation side the two light bundles are transferred by 02, O3 and
04 onto the camera via the aperture A. The second Wollaston prism W2 recombines both light beams and focuses them for
individual pictures on a single frame or high-speed camera and for the immobilizations and streak records onto the rotating
drum of a drum camera via a A/4-plate which makes the two light bundles capable to interfere. The interference is
visualized on the camera by light intensity variations which give information on the density gradients along the separation e
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between the two light bundles passing the test section. The density gradients are mainly produced by the density change
across the Mach waves, as seen on the Figs. 1 to 3 as light and dark lines representing visually the jet’s noise emitted.

oS P1WI O1 02 W203A 04 w4

’ P< /

Fia 5 Ontical set-up of the differential interferometer DI

p'

v

/4

For taking immobilizations like those shown in Fig. 2 and the streak records in Fig. 3, for both the flow is observed through
a slit on a rotating drum camera. The slit can be arranged in y-direction or in x-direction as depicted in Fig. 6.
Immobilizations are taken with a wide opened slit of width sw (Fig. 7) on the camera film rotating with the speed v which is
equal to the speed c, of the moving structures, the Mach waves to be observed. The streak records show clearly with a
narrow adjusted slit the Mach wave traces. o is the angle of the Mach waves on film, v is the real angle of the jet’s Mach
waves. Via both slit arrangements, schematically drawn in Fig. 7, the Mach waves are focused as shown in Fig. 8 on the
film which is attached to the drum of the drum camera.

The streak records visualize all Mach waves passing a narrow slit like those in Fig. 3 and the angles B are influenced by the
streak record velocity; see Fig. 8. On Fig. 3 three streak records are given. The two left stapled streaks are taken with a slit
arrangement in y-direction. The upper left shows the beginning of the jet with the jet’s head and the lower left the jet’s
region more downstream. By x-streak registration the Mach wave traces on the right hand side image of Fig. 3 are obtained.
They show obviously quite different views of the Mach waves as those taken with the immobilization technique, as seen in
Fig. 2. The immobilization opens the window as wide as is necessary for blurring out all details moving in the picture at
different speeds from that of the moving film. The film speed here is equal to the speed c, of the structures to be observed,
i.e.if v=c,=w, orw’, or w”’, the three families of Mach waves are seen on the immobilizations as depicted in Fig. 2 with
the three mentioned speeds.

y-slit at x

x-slitaty
= X

Fig. 6 x-and-y-slit arrangement Fig. 7 narrow adjusted (streak record) and wide open slits
(immobilizations)
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The Mach angles slightly fluctuate due to turbulence. Therefore the evaluation of the Mach angles seen on the flow pictures
and consequently the speeds of the Mach wave producing structures, the three w, w’ and w’’, had to be determined
carefully. This has been done by using different independent estimations. The mean value of the three somewhat different
angles has been considered to be the result. The evaluation was restricted to equal gases N, or air inside and outside the jet.

On images as Figs. 1 and 2, two strong different Mach waves (w and w”) can be seen to exist outside the jet as well as two
different inside (w and w’’). They were found to be produced by “jet boundary layer structures” propagating downstream at
the three mentioned speeds. For determining these speeds the following relations were employed, using the measured Mach
angles a, o’ and o’’. The w-Mach waves have equal angles o inside and outside. The w’-Mach waves outside have angle

o’ and the w’’-Mach waves inside have angle o’ as:
sinag =22 =& () \/\A
WU —-w

sing/ =—2& (2),

’

D

sin o = —i 3).

Fig. 8 Focusing on moving film rotating inside a drum camera

Results for the different wave angles obtained from many experiments are shown in Fig. 9. The measured points lie along
three straight lines when using on the ordinate the relative Mach number of the Mach wave producing structures seen from
inside and normalized with the jet’s sound speed a;. On the abscissa the relative Mach number seen from outside is depicted
and is normalized with the sound speed a, outside the jet. For the

fitted straight lines the simple equations (4 - 6) describe the speeds 3.5
w, w’ and w’’ very accurately. The three equations (4 - 6) are 3
changed to relations (7 - 9) by introducing the jet flow Mach
number M; = ui/a;. 2.5
These equations show apparently that the three speeds simply 2
depend on the jet Mach number M; and the ratio a,/a; of the sound
speed outside a, and inside a; of the jet. 1.5
Ui-Ww_w (4) and w__ M @, ;
a; a, a, 1l+a,/a
u-w _w (5) and w_ M+l (), 0.5
a; ay a, 1+a,/a
ui_WN:ﬂ+l (6) and w' o M-l o). % o5 1 15 2 25 3 as
i 8a 8z 1+a,/3 Fig. 9 Experimental results
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3 Mach waves producing structures

Some older [e.g. 5] and many recent publications [e.g. 13, 14] assume that
vortices are formed inside of the mixing layer and are the source for the Mach
wave emission. The experiments done by Poldervaart and Wijands [5]
demonstrated that vortex pairs might be the origin of the Mach waves. They
took shadowgraphs on photos of a much larger, colder and longer blowing
supersonic jet than that considered here. Periodic spark shock waves were
used for creating successive vortex pairs in the jet’s mixing layer. Fig. 10
shows a picture series from [5] with the supersonic jet and the downstream
moving vortices. By cutting such a video sequence of Poldervaart and
Wijands the speed of displacement became visible as depicted in Fig. 10. It is
found that the middle of the vortex pair displaces with the velocity w which is
specified in equation (10) as the speed of a deformation shaped by a Kelvin- -~ :
Helmholtz-Instability. The shadowgraphs show the vortex flow field from a Fig. 10 Picture arrangement from [5]
density point of view and on the shadow pictures typical snake-like lines are

seen representing the vortex pairs formed. Similar snake-like structures are also seen in the publication of Freund et al. [16]
on visualized numerical results at the beginning of the jet mixing layer of a supersonic jet.

Rossmann et al. [17] describe strong shocks on both sides of a mixing layer at supersonic jet conditions. They found two
different propagation speeds inside the mixing layer which must be associated with "fast- and slow-mode structures”, which
travel in different transverse locations within the shear layer. It is apparent from the Rossmann et al. paper that they believe
these structures are formed by eddies.

Shock tube experiments with a jet produced with the reflected shock tube mode (see Fig. 4) at a jet Mach number 2
visualized the behaviour of smoke particles in the jet’s mixing layer [27]. A thin light sheet illuminates the smoke tracers
seeded inside and outside the jet. The scattered light observed shows clearly the mixing layer well established in Fig. 11 and
reveals black regions. Each of them may represent the combined centers of two vortices where the smoke has been
centrifuged out and sucked away.

Fig. 11 Mach 2 jet seeded with smoke particles

4 Deduction of the three velocities w. w” and w”’

In some experiments of Oertel [2] a very thin jet boundary layer developed for a short distance after the jet’s exit which
could be considered as a shear layer deformation as shown in Fig. 12. The behavior of the introduced deformation depends
on the Mach number M = u/a being higher or lower than one. For estimating the deformation behavior in supersonic as well
as in subsonic flow regimes basic knowledge is needed about compressible flows over wavy walls.
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The pressure increases in converging and decreases in diverging supersonic flow. The deformation acts on either side like a
bump, consisting of a concave indentation followed by a convex bulge. Both the underpressures within the indentations and
the overpressures on the bulges contribute to the damping and final disappearance of the deformation.

— N —
a=a, u=0

jet's outside
deformation
jet's inside

u= Ui
Fig. 12 Deformation of the shear layer

The pressure decreases in converging and increases in diverging subsonic flow. Now the deformation is not damped but
grows until the Kelvin-Helmholtz-Instability makes it rolling up into two vortices forming a vortex pair which moves
downstream inside the mixing layer. A vortex pair is shown schematically in Fig. 13 with a vortex in front and one at the
back, both moving in separate zones. It may happen that further downstream the rear vortex of a vortex pair growth together
with the front vortex of a preceding vortex pair which finally disintegrates into turbulence more downstream. Freund et al.
[16] and Oertel sen. [2, 19 - 24] found that the Mach waves are highly three dimensional with a short azimuthal correlation.
In consequence the vortex pairs are as well only correlated at short distances to each other.

The speed of the shear layer deformation is denoted as w. In order the deformation remains point symmetric, for stability
reasons the pressures at both sides must be equal which requires equality of the relative Mach numbers of the two opposite
flows in the frame moving with w as:

uj—-w_w M;

W 10y and XM (1q).
a; a, a, 1+ay/a;

Similar considerations are assumed to be allowed for the two vortices of the vortex-pair mentioned and shown
schematically in Fig. 13 for one vortex-pair moving downstream inside the mixing layer. In the case of laminar exit
boundary layer, vortex pairs arise somewhat downstream by Kelvin-Helmholtz-Instability of the layer deformations. When
the boundary layer is already turbulent, the vortex pairs are generated immediately at the exit. The instantaneous lines of
equal densities may be close to elliptic like those seen in Poldervaarts shadowgraphs [5], see Fig. 10, but are shown here for
simplicity as circles. The two vortices rotate around the same angle direction. For reasons to be explained, they remain in
different zones of the mixing layer. The centre of the frontal vortex moves downstream with speed w’. It moves within the
inner zone and produces a weak shock wave called w’-Mach wave outside the jet. The centre of the rear vortex moves
downstream with speed w’’. It moves within the outer zone and produces a weak shock wave called w’’-Mach wave inside
the jet. Intrusion out of his zone would expose each of the vortices to rising pressures caused by the Mach waves which
force the vortices to stay and displace stabile in different zones.

gas dredging ist . 2
jet's outsid " w-Mach wave ot's outsid
s outside from outside w"la, |ui?‘a:|ue otiey
/ suction y/a)
a, /
N
u
W= a
e (ui - u")/a
Jet's inside vortex )
W= suction
3
—_ | P
| o w Ui
Fig. 13 Vortex pair formed inside the mixing layer Fig. 14 Sucking action of the vortex pair
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Writing the equilibrium conditions for the two vortices within two frames moving at their quite different speeds w’ and w”’,
in the w'-system the opposite subsonic flows over the front vortex and in the w"-system over the rear vortex produce equal
pressures at the following equal Mach numbers:

* *
uji-w' w'-u u-w" w’

= (12) and
a; a3 i a
These considerations would only be valid just at the beginning of the jet. They are based on the so-called “entrainment
effect” of the vortices. They continuously centrifuge micro turbulence which entrains fresh jet gas into the inner zone and
fresh ambient gas into the outer zone of the mixing layer. Thus they retard the turbulent mixing. Such a gas transporting
effect may clearly be seen on a calculated video of Kelvin-Helmholtz-Instability published at "www.wikipedia.com”. As a
result of this gas transport into the mixing layer the sound speeds in the two zones remain practically constant over that
length where the Mach waves have constant angles.

(13).

The formulation of the velocity u* in equations (12) and (13) needs a consideration of the whole mixing layer as sketched in
Fig. 14. The mixing layer cross-section reduces due to suction produced by the vortices. In the system moving with speed
u* equal Mach numbers assure equal pressures on both sides of the mixing layer furnishing the following equation:

dizu U (14)
a; a3
Comparing equations (10) and (14) we get u* = w. Introducing u* = w in (12), (13) and (14) we obtain:

UizW W qg)and Mo Mi gy

a; a, a, 1+ay/a;
upi-w'_w'-w (15) and ﬂZMﬁW/aa 17)

a; aa a;, l+a,/a;
w-ow _w (16) and w'_Mi-w/a (18).

a; EW a, l+a,/a

Many different attempts for explaining the simple empiric formulae (4 - 6) theoretically by gasdynamic considerations had
been fruitless for a long time. But with the vortex pair suggestion and the gas entrainment assumption, for the special case
wi/a, = 1 at which the experimental studies have been undertaken, the theoretical relations (11, 17, 18) correspond exactly to
the empirical ones (7 - 9). In order to show how well the equations work, in Fig. 17 the experimentally determined angle o’
and the calculated one are indicated with reasonable agreement within the measuring accuracy.

5 Limitations for Mach wave formation
The domain of validity of the formulae given is limited by some Mach number considerations. The w’- and the w’’-Mach
waves can only exist at the following conditions:

W >a, with M;>(1+a,/a; )’ /(2+a,/a;) (19),
Ui-w > a with M;>(1+a,/a;)? /(1+2a,/a;) (20).

Both Mach waves may disappear when one of the two vortices has supersonic relative Mach numbers and at least the
regularity can only exist for:

W’ <a, at Mj<(aj/a,)+a,/a;f  (21),

Ui-w <a at Mj<(l+a,/a; ) (22).
Only in the grey domain of Fig. 15 the conditions for regular w’-Mach waves are fulfilled. For test purposes some jet data
are introduced in Fig. 15. The free jets in Fig. 16 show no Mach waves and this observation is marked by open circles which

are placed outside the borders given by equations (19) and (20). The data of the jet Mach waves seen for example in Figs. 1,
3 and 17 are represented by the solid dots in Fig. 15 and confirm well the lower boundaries (19) and (20). Testing the upper
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limitations (21) and (22), experiments show a weak transition in suppressing the Mach wave production by putting more
energy into the jet. Exceeding the limits (21) and (22) let the vortex pairs vanish by supersonic overpressures on the bulges.

If the conditions are met for regular Mach
waves, then with growing distance from the jet
exit the front vortex overtakes the rear vortex of
the preceding one for forming one big vortex
moving with velocity w. With larger jets having
much longer mixing layers such procedures
must finally lead to create long chains of jet
surrounding vortices travelling at speed w. This
might be the domain of considerations like
those of Tam et al. [8] and others. Their
calculations of waves surrounding a jet without
beginning and end are certainly not able to
describe the phenomena near the jet exit.

\

Mach waves
in Fig. 17

L 4
=3a /

w
o no Mach waves
EF;;E%EE::::::::::;;:;;TZTETﬂ—
0‘2 1.5 2

05 1. 0 25
ala; —>»
Fig. 15 Range of validity

Fig. 17 w’-Mach waves outside of a supersonic free jet with M; = 3, a,/a; = 1.64, o’ ~ 42°+4°
(theoretical angle using equations (11) and (17): o’ ~ 39.7°)
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